Time delays exist in network-connected systems. Especially for vision-based multi-robot systems, time delays are diverse and complicated due to the communication network, camera latency, image processing, etc. At the same time, many tasks, such as searching and rescue, have timing requirement. This paper focuses on fixed-time formation control of multirobot systems subject to delay constraints. First, predictorbased state transformation is employed for each robot to deal with the input delay and the uncertain terms remained in the transformed systems are carefully considered. Then, a couple of nonlinear fixed-time formation protocols are proposed for the multi-robot systems with respectively undirected and directed topology, and the corresponding settling time is derived by using the Lyapunov functions. In particular, the upper-bound estimation of the formation settling time is explicitly given irrelevant to the initial conditions. Finally, the protocols are validated through a numerical simulation example and then implemented on an E-puck robots platform. Both simulation and experimental results demonstrate the effectiveness of the proposed formation protocols.
I. INTRODUCTION

A. Motivation and Related Work
In recent decades, mobile robots are used to implement many tasks, such as surveillance, rural search, and exploration. As smaller, more accurate and reliable sensors and communication systems emerge, it is desirable to implement certain tasks with a group of robots rather than a single one [1] , [2] . Under this background, distributed cooperative control strategies including consensus control and formation control, have attracted lots of attention and have been studied intensively in the literature, [3] - [14] , to mention a few. By using distributed clustering approach, the overall computational workload in a multi-robot systems can be probabilistically reduced [15] . Furthermore, event-triggered mechanism can also be used in distributed cooperative control to reduces the unnecessary information exchange between the robots [16] , [17] . C Many tasks have timing requirements. For example, after a fire or tsunami disaster, the searching and rescue must be fast and efficient, and otherwise, the survival chance falls off quickly [18] . In [3] , it is pointed out that the rate of convergence of multi-agent systems is related to the smallest positive eigenvalue of the graph Laplacian, which is known as algebraic connectivity of the graph. Based on the finitetime stability analysis in [19] , finite-time formation protocols are designed in [20] for multi-agent systems with singleintegrator dynamics. Then, the results are extended to secondorder multi-agent systems in [21] , [22] . Finite-time formation control problem for a group of nonholonomic mobile robots is considered in [23] under the leader-follower structure. Finitetime formation control of multiple second-order agents via dynamic output feedback is investigated in [24] . In the aforementioned results, the convergence time is explicitly related to the initial condition of the agents in the group. However, in many circumstances, the knowledge of initial conditions is unknown. In such a situation, the convergence time may not be estimated or designed. To overcome this problem, a class of fixed-time consensus protocols are developed in [25] and [26] for single integrator type multi-agent networks, which achieve the guaranteed upper-bound of the settling time independent of the initial conditions. The results are further extended to solve the fixed-time consensus tracking problem for doubleintegrator multi-agent systems in [27] . It is, however, worth mentioning that there is still no such a result in formation control.
With the deepening research on multi-robot systems, largescale multi-robot systems with hundreds of robots together are being proposed. Time delays arising from robots are diverse and can not be ignored. Communication delay is common for network-connected systems due to the interaction from one agent to another [28] . Another source of delay is input delay due to the decision-making and signal processing. For visionbased robots, camera latency and image processing cause delays as well [29] . There are many works focusing on multirobot systems with time delay. Formation control of a group of VTOL UAVs with certain communication delays is addressed in [30] . Time-varying formation control for a class of highorder linear multi-agent systems with time delays is studied in [31] . Frequency-domain technique is employed in [29] to deal with communication delays and the proposed results are tested with a three-robot platform. Since the consensus inputs depend on the local neighbour-to-neighbour interaction broadcast via the network, communication delays have a big impact on the input channel. Predictor-based control methods are highly used to deal with input delay [32] and predictor-based consensus controllers are designed in [33] - [34] for multi-agent systems with identical input delays. However, for multi-robot systems, the heterogeneity of delays for each robot prevents the use of the protocols designed in [29] , [30] , [33] - [34] . There is still a lack of study on formation control for multi-agent systems with non-identical input delay.
B. Main Contributions
This paper focuses on fixed-time formation control of a group of robots with delay constraints. To be specific, the contributions can be listed as follows:
First, unlike the results in [25] and [26] where only consensus protocols with undirected topologies are considered, in this paper, the results are extended to fixed-time formation control with directed topologies. The problem under consideration is more challenging and complex than that in [25] and [26] .
Second, as an improvement over the existing literature in [20] - [24] , the formation settling time can be controlled and designed regardless of initial conditions. Our method offers a feasible solution for some tasks which have timing requirement but the knowledge of initial conditions cannot be exactly measured.
Third, in a robotic platform, inherent time delay may exists in the input due to camera latency, image processing, decisionmaking process, and network communication. If the delay is not considered, the performance of the closed-loop systems will be degraded. Furthermore, due to the external disturbance or some other reasons, the delay time for each robot may be non-identical. This paper studies the delay effects in formation control. Compared with the results in [20] - [24] where delay is not considered and the results in [29] - [31] with identical delays, non-identical delays among the agents are considered in this paper, which is more challenging and relevant in practical view.
Finally, a multi-robot hardware platform is built and the effectiveness of the design is verified. In particular, the perfermance of static formation and time-varying formation are both provided and compared.
The remainder of this paper is organized as follows. In Section II, the problem formulation and some preliminary results are introduced. Section III presents the main results on the algorithm design and the stability analysis. Simulation and experimental results are given in Sections IV and V. Section VI concludes the paper.
II. PROBLEM FORMULATION AND PRELIMINARIES
A. Problem Formulation
Consider a group of N mobile robots with single-integrator dynamics:ẋ
where for agent i, i = 1, 2, . . . , N , x i ∈ R p is the state, u i ∈ R p is the control input, h i is the delay time. For the convenience of presentation, in this paper, it is assumed that p = 1. In practice, the delay time for each robot may be slightly different due to disturbances or unstable connection. Thus, we define h i in a more standard form h i = h + ∆h i . Assumption 1: h is a know constant and ∆h i is unknown and bounded by ∆h i ≤ R 1 .
Remark 1: In this paper, we consider that the delay consists of an identical nominal part h perturbed by a non-identical uncertain part ∆h i which can be constant or time-varying. We will use the robust control technique to deal with this uncertainty. The only requirement for ∆h i is that it is bounded by a known constant. However, the distribution of ∆h i is not needed to be known.
Remark 2: For a real system, e.g., a differential robot, x represents the position andẍ represents the acceleration. Assumption 2 is reasonable in the sense that the acceleration is bounded due to the physical limitation of the agent. For the Epuck robot used in our test ( Fig. 1 ), the maximum acceleration is set to 2.5 cm/s 2 .
Let
T describe a timevarying formation structure of the agent network in a reference coordinate frame. The objective of this paper is to design a fixed-time formation protocol for each agent such that for any initial condition x i (0), i = 1, 2, · · · , N , there exists a formation settling time
(2) Assumption 3: The specified formation vector
B. Graph Theory
The communication connections among agents are described by a graph G (V, E), where V represents the agents and E represents the connections between the agents. In the directed graph, (i, j) ∈ E represents the communication from the ith agent to the jth agent, but not vice versa. In the undirected graph, (i, j) ∈ E means that the information can be exchanged between the ith agent and jth agent. For N agents, the associated adjacency matrix of G is defined as A = [a ij ] N ×N ∈ R N ×N . If there is a connection from agent j to agent i, a ij = 1; otherwise a ij = 0. The Laplacian matrix L = [l ij ] N ×N associated with A is defined by l ii = N j=1 a ij and l ij = −a ij when i = j. For an undirected graph G, if it is connected, the Laplacian matrix L has a single zero eigenvalue with L1 N = 0, and all the other eigenvalues of L are real and positive. Furthermore, we have the following properties for the Laplacian matrix L from [4]:
1)
is a continuously differentiable positive definite function and there exist real numbers ε > 0, λ ∈ (0, 1) such thatV (χ) + εV λ (χ) ≤ 0, then, the origin is a globally finite-time stable equilibrium of the system and the settling time is 
III. ALGORITHMS DESIGN A. Fixed-Time Formation with Undirected Topology
To deal with the input delay, one basic idea is to predict the evolution of state variable for the delay period and then use the predicted state for control [32] , [33] . For multi-robot systems (1), we propose a new state y(t) to predict the state x at time t + h:
whereũ
, which represents the uncertain term remains in the transformed system. Before we start the fixed-time formation analysis, a result on the bound ofũ i (t) is given first. Lemma 5: If Assumptions 1 and 2 hold, the uncertain term u i (t) in the transformed system (4) is bounded and a bound can be established as 0
The signal collected by agent i about the information of its neighbouring agents is given by
Based on the above preparation, now we present a nonlinear formation protocol for each agent: (5) where α, β, m, n > 0 are a set of design parameters, γ is a number satisfying γ ≥ R 1 R 2 , sgn(·) denotes the signum function. In particular, we have the following assumption.
Assumption 4: m, n are both positive odd integers satisfying m < n.
Theorem 1: For input-delayed multi-robot systems (1) with the associated undirected graph G connected, the fixed-time formation problem can be solved by controller (5) . Furthermore, the settling time satisfies
Proof: Putting (4) and (5) together, we obtainẏ
T and consider the following semipositive definite function:
Since G is connected, zero is a simple eigenvalue of L, which implies that V (y(t)) = 0 if and only if y(t) ∈ span{1 N } which implies that lim t→∞ (y i (t) − y j (t)) = 0. From (3) and (5), it is concluded that lim
where ∂V (y) ∂yi = N j=1 a ij (y i (t) − y j (t)) due to the symmetry of A is inserted to derive the second equality.
With Lemmas 3 and 5, we havė
Since L is semi-positive definite, we can obtain a matrix H ∈ R N ×N such that L = H T H, and thus
Putting (8) and (9) together, we havė
Based on Lemma 2, we have lim t→T (y0) V (y) = 0 with the settling time bounded by
The fixed-time consensus of the transformed system (4) is achieved. From (10), we know that y(t) ∈ span{1 N } within fixed time πnN n−m 4n 2 √ αβλ2(L)(n−m) . Therefore, we have
which completes the proof. Remark 3: The estimation for settling time T (x 0 ) is only related to the delay h, the design parameters m and n, the algebraic connectivity λ 2 (L) of the graph Laplacian, and the group order N . Therefore, the upper-bound T max of the formation settling time can be designed independent of the initial conditions.
B. Fixed-Time Formation with directed topology
In the previous subsection, a control protocol for fixed-time formation is developed under undirected communication. To reduce the communication burden and facilitate the practical applications, in this subsection, we will develop a fixedtime formation protocol based on directed local neighbourto-neighbour interaction.
Assumption 5: The directed graph G(A) is strongly connected.
Lemma 6: [2] If G(A) is strongly connected, then L has a simple eigenvalue at zero and there exists a positive vector δ = [δ 1 , δ 2 , · · · , δ N ] T ∈ R N such that δ T L = 0. Lemma 7: [36] Let G(A) be weighted digraph with Laplacian matrix L. Then,L = ∆L + L T ∆ /2 is a valid Laplacian matrix for G(Â), where ∆ = diag{δ 1 , δ 2 , · · · , δ N } is the diagonal matrix whose diagonal entries are given by δ i , i = 1, 2, · · · , N .
The signal collected by agent i about the information of its neighbouring agents is given bŷ
A nonlinear protocol that solves the fixed-time formation problem for the multi-robot systems with directed topology can be proposed as
where α, β, γ, m, n are defined in (5) , y i and y j are given in (3), andâ ij is given in Definition 1.
Theorem 2: With Assumption 5, the fixed-time formation problem of multi-robot systems (1) can be solved by the algorithm (11) . Furthermore, the settling time satisfies T (x) ≤ Proof: The proof is similar to that of Theorem 1 and hence omitted.
Remark 4: From (2) and Assumption 3, it can be seen that the consensus of all robots can be achieved if F(t) ≡ 0. Thus, the fixed-time consensus problem studied in [25] can be viewed as a special case of the fixed-time formation problem. If ∆h i ≡ 0, ∀ i = 1, 2, · · · , N , the delay problem under consideration is equivalent to the identical delay case considered in [31] and [33] .
IV. SIMULATIONS
This section presents some simulation results on convergence of six agents with F(t) = 0. The connection is shown in Fig. 2 . In the simulation, nonzero a ij = 1, α = β = 4, m = 7 and n = 9 for each protocol, the time delay of the system h = 0.3, ∆h i = 0.05 sin(i · t), ∀ i = 1, 2, · · · , 6. The The Laplacian matrix is given by
The eigenvalues of the Laplacian matrix L are {0, 0.4131, 1.1369, 2.3595, 3.6977, 4.3928}, and zero is a simple eigenvalue. We obtain that λ 2 (L) = 0.4131. To demonstrate the communication and input delay effect in the consensus control, first we will show the simulation results with the controllers designed in [25] . Figures 3 and 4 show that the consensus cannot be achieved by the controllers given in [25] even if the delays are identical and very small h = 0.03s. From the results shown in Figs 5 and 6 , it is demonstrated that the convergence performance is guaranteed with the controller designed in this paper under different initial conditions. In addition, the numerical results given in Fig.  5 show that the settling time of the consensus protocol is about 5s, which demonstrates the correctness of the estimation derived in Theorem 1.
V. EXPERIMENT VALIDATION
A. Experimental Platform
An experimental testbed, see Fig. 7 , is designed to demonstrate the performance of formation protocols with real robotic systems. In this testbed, a Linux-based host computer (2.7-GHz clock speed, dual processor, 4-GB RAM, and equipped with Robot Operating Systems) receives position information of four E-puck mobile robots from a camera (Logitech C525, HD 720p). The camera used here is to localize the robots within the workspace area (100cm×100cm). Some static landmarks are used by the camera to calibrate the workspace coordinates. Images captured by the camera are then processed by utilizing image processing software Swarmcon [37] to provide the positions of robots. The way this software locates the robots is by tracking the unique patterns attached to them. The positions obtained are subsequently applied to the proposed control law to produce the control inputs. Finally, these inputs are transmitted over the network via Bluetooth connection.
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Host Computer
Landmark Camera Fig. 7 : Experimental Platform
In this system, an inherent time delay whose value is around 0.15s to 0.195s exists in the input due to camera latency, image processing, decision-making process, and Bluetooth communication [29] . Since the Bluetooth broadcast to the robots is done sequentially, the delays are in general not identical when communicating with different robots. In this case, we set h = 0.5s and use the inherent delay as the uncertainty term ∆h i ∈ [0.15s, 0.195s], ∀i = 1, 2, 3, 4.
B. Linearisation-Based Kinematic Model of E-Puck Robot
Let (x, y), θ, v and ω denote the Cartesian positions, the orientation, the linear and the angular velocity of the robot. The kinematic model of the E-puck robot is described as 
where r is the distance between the head position and the inertial position. By letting u = [u x , u y ] T and η = [v, ω] T , the linearisation-based kinematic model can be developed as η(t) = Hu(t) and u(t) =ṗ(t) with H = cos θ sin θ − 1 r sin θ 1 r cos θ . Note that in the following experiments we choose r = 2.5cm.
C. Static Formation with four E-puck robots
The aim of this experiment is to show that the proposed control law will drive the robots to form a formation whose pattern is described as
where R is the distance between the centre of the formation frame and the robot, ψ is the desired angle between x-axis and the first robot with respect to the centre of the formation.
In this test, we choose R = 30cm and ψ = (π/4)rad. Suppose the directed graph in Fig. 9 is used to model the information exchange among robots. Accordingly, the Laplacian matrix L is given by
The eigenvalues of the Laplacian matrixL are {0, 1.0, 2.0, 3.0}, and zero is a simple eigenvalue. By setting α = β = 0.5, m = 19 and n = 21 for each protocol, the estimated upper bound of the settling time for protocol (11) is 34.5951s. The experimental results of this scenario are displayed in Figs. 10, 11, and 12. Fig. 10 shows the formation achieving process at t = 0s, 6s, 12s, 18s, 24s, 30s. In more detail, Fig.  11 visualizes the trajectories of robots from the initial poisitons represented by black dots. The red triangles representing the position of robots at time t = 10s show that the robots are in the process of forming the rectangle formation, while the blue squares represent the final position of robots. Furthermore, the final positions are reached before t = 20s as seen in Fig. 12 . It shows the robustness of the estimated formation settling time.
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18s 24s 30s Fig. 12 : Trajectories of the states with respect to time.
Remark 5: Notice that saturations of linear and angular velocities have to be enforced in the experiment due to the physical limitations of the robots. Compared with the simulation setting in Section IV, bigger value of m/n is chosen in the test to avoid possible saturation. Furthermore, the approximation method introduced in [38] is used to deal with the implementation of the integral term in (3).
D. Time-varying Formation with four E-puck robots
For time-varying formations, four robots are commanded to move on the x − y plane to form a time-varying formation in fixed-time. The formation is defined by
which represents the periodic time-varying formation and rotating around the formation centre with period T . In this case, we choose R = 30cm and ψ = 0rad. By doing a simple mathematical analysis, if the maximum velocity of robot is 5cm/s, the value of T must be larger or equal to 25.1327s in order to make the robots follow the desired path. In this case, T is chosen to be 50.2655s. The directed graph in Fig. 8 is used to model the information exchange among robots. By setting α = β = 1, m = 19 and n = 21 for each protocol, the estimated upper bound of the settling time for protocol (11) is 34.5951s.
0s
10s 20s 30s 40s 50s Fig. 13 , we can see that the robots are initially deployed in random positions within the workspace. After 20 seconds, the robots rotate around the centre of formation. Fig. 14 shows the trajectories of robots starting from the initial positions as pointed by black dots. The red, green, blue, yellow, cyan and magenta dots indicate the positions of robots at different time instants (10s, 20s, 30s, etc.). The robots keep rotating around the centre of formation during the experiment, and then stop at some positions pointed by blue squares at the end time. In Fig. 15 , the trajectories of robots with respect to time start to form sinusoidal waves before t = 30s.
VI. CONCLUSION AND FUTURE RESEARCH
This paper has investigated the impact of non-identical input delay in fixed-time formation control for multi-robot systems. This input delay may represent the communication delay and the processing and connecting time for the packets arriving at each agent. Based on the predictor strategy, a state transformation is applied for each agent and the extra terms remain in the transformed systems are carefully considered.
A new class of fixed-time nonlinear formation protocols are constructed and a complete stability analysis is presented in a systematic framework of Lyapunov functionals. The upper bound of the formation settling time is independent of the system initial conditions such that the convergence time can be designed or estimated off-line. Finally, both simulation and experimental results are presented to show the effectiveness of the protocols proposed in this paper. Future work may focus on reducing the unnecessary information exchange and solving the oscillating problem for the robots in motion. Furthermore, the extension of the proposed results to the case involving a directed spanning tree is also listed in our future work.
